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ABSTRACT
Recently, a bright coherent radio burst with millisecond duration, reminiscent of cosmological fast radio bursts
(FRBs), was co-detected with an anomalously-hard X-ray burst from a Galactic magnetar SGR 1935+2154. We
investigate the possibility that the event was triggered by a deposition of amagnetic energy in a localized region of
the magnetosphere, thereby producing a so-called trapped fireball (FB) and simultaneously launching relativistic
outflows. We show that the thermal component of the X-ray burst spectrum is consistent with a trapped FB with
an average temperature of a few hundred keV and a size of ∼ 105 cm. Meanwhile, the non-thermal component
of the X-ray burst and the coherent radio burst may arise from relativistic outflows. We calculate the dynamical
evolution of the outflow, launched with an energy budget ∼ 1039–1040 erg comparable to that of the trapped FB,
for a variety of baryon load η and initial magnetization σ0 parameters. If both the hard X-ray and radio bursts
are produced by the energy dissipation of the outflow, the properties can be constrained by the conditions for
photon escape and the intrinsic timing offset of . 10 ms among the radio and X-ray burst spikes. We show that
the hard X-ray bursts need to be generated at rX & 108 cm from the stellar surface, irrespective of the emission
mechanism. Particularly in the case of shock dissipation, the outflow should accelerate up to a Lorentz factor of
Γ & 103 by the time it reaches the outer edge of the magnetosphere and the shock dissipation should take place
at 1012 cm . rradio,X . 1014 cm. In this case, extremely clean (η & 104) and/or highly magnetized (σ0 & 103)
outflows are implied, which may be consistent with the rarity of this phenomenon.
Keywords: stars: neutron — magnetar — radio continuum: general
1. INTRODUCTION
Recently, one of the most prolific transient magnetars, SGR
J1935+2154 (Israel et al. 2016) went into an intense burst-
ing episode on April 27 2020, and hundreds of X-ray bursts
were recorded in a few hours (Borghese et al. 2020; Younes
et al. 2020). During this active phase, an extremely intense
radio burst with millisecond duration, reminiscent of cos-
mological fast radio bursts (FRBs), was detected by radio
Corresponding author: Shotaro Yamasaki
shotaro.s.yamasaki@gmail.com
telescopes CHIME/FRB (The CHIME/FRB Collaboration
et al. 2020) and STARE2 (Bochenek et al. 2020) on April 28
2020, strengthening the connection between FRBs and mag-
netars. Importantly, Insight/HXMT (Li et al. 2020), Konus-
Wind (Ridnaia et al. 2020), INTEGRAL/IBIS (Mereghetti
et al. 2020) and AGILE (Tavani et al. 2020) independently
detected an X-ray burst associated with the FRB-like radio
burst (Mereghetti et al. 2020; Li et al. 2020; Ridnaia et al.
2020; Tavani et al. 2020); the timing of the emissions is
the same within the observational uncertainties and the radio
burst detected by CHIME have a similar temporal structure
to the X-ray burst. The X-ray burst is peculiar in that the
spectrum is much harder than a typical SGR burst with com-
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parable (or even higher) fluences and FRBs were not detected
with many other X-ray bursts from the same source (Lin et al.
2020).
Theoretical interpretations of the April 28 event are broadly
classified into two categories: “close-in" and “far-away" sce-
narios, depending on how close the radio emission is gener-
ated from the central engine (i.e., the magnetar). The former
includes the curvature radiation in the open magnetic fields
(e.g., Lu et al. 2020; Katz 2020), the plasma instability trig-
gered by magnetic reconnection (Lyutikov & Popov 2020;
Lyutikov 2020) and the low-altitude magnetospheric emis-
sion (Wadiasingh & Timokhin 2019; Wadiasingh & Chirenti
2020), whereas the latter invokes a maser-type instability at
the shock between magnetar flare wind and the pre-existing
material (e.g., Margalit et al. 2020; Yuan et al. 2020; Yu
et al. 2020). The possibilities of generating double/multiple-
peaked radio pulses by the quasi-periodic oscillation of mag-
netars (Wang 2020) or the scintillation effect (Simard & Ravi
2020) are also discussed.
In either the close-in and far-away models, the event is
triggered by a deposition of magnetic energy in the mag-
netosphere, which in general results in the formation of an
electron/positron (e±) plasma bubble confined to the stellar
surface by the strong magnetic pressure ( so-called trapped
fireball (FB)) and also launching an outflow of relativistic
plasma (or an expanding FB). In this paper, we aim to put
general constraints on such FBs (i.e., the properties of the
outflow responsible for the X-ray and/or radio bursts) with
modest assumptions on the radiationmechanism, based on the
multi-wavelength observations of the April 28 event. While
the thermal component of the X-ray burst is consistent with
a trapped FB, the non-thermal component of the X-ray burst
and the coherent radio burst may arise from relativistic out-
flows. Regarding the origins of hard X-ray burst, we examine
the two possibilities that (1) it is produced in the vicinity of
the NS or the trapped FB (§3.1) and that (2) it arises from the
relativistic outflow (§4.2).
This paper is organized as follows. In §2, we summarize
the key observational properties of the April 28 event. We
constrain the total energy budget of the event in §3.1 by as-
suming that the thermal component of the X-ray spectrum is
due to the trapped FB. In §3.2, we calculate the dynamical
evolution of the outflow, which is likely responsible for the
FRB-like burst and the non-thermal part of the hard X-ray
burst spectrum. Constraints on the outflow properties are set
from the general conditions required to generate the emission
in §4 and our findings are summarized and implications are
discussed in §5. Hereafter, we use Qx ≡ Q/10x in cgs units.
2. KEY OBSERVED PROPERTIES OF APRIL 28
EVENTS FROM SGR 1935+2154
Here we review the key observed properties of the radio
and X-ray bursts from SGR 1935+2154 on May 28 2020 (see
also Table 1).
SGR 1935+2154.– SGR 1935+2154 is one of the most
prolific transient magnetars; the spin period and the spin-
down rate are measured to be Pspin = 3.24 s and ÛP =
1.43 × 10−11 s s−1, respectively (Israel et al. 2016). Accord-
ingly, the surface dipole magnetic field strength is estimated
as Bp = 2.2 × 1014 G. This magnetar has been recently in an
active phase since April 27 2020 (Younes et al. 2020). The
distance estimate is somewhat uncertain. SGR 1935+2154
is spatially associated with the supernova remnant (SNR)
G57.2+0.8. Throughout this work, we adopt a source dis-
tance of 10 kpc, which is consistent with the different distance
estimates between 6.7 kpc (Zhou et al. 2020) and 12.5 kpc
(Kothes et al. 2018) in the literature.
Radio Observations.– The radio burst from SGR
1935+2154 was detected independently by CHIME at 400–
800 MHz and STARE2 at 1.4 GHz (The CHIME/FRB Col-
laboration et al. 2020; Bochenek et al. 2020). The CHIME
burst consists of two sub-bursts with widths of ∼ 5 ms
separated by ∼ 30 ms, whereas the STARE2 burst has a
single narrow spike with a width of 0.61 ms. According
to the total fluence reported by STARE2, the radiated en-
ergy (isotropic equivalent) is estimated to be E isoradio = (0.3–
2.4) × 1035 erg. The observed dispersion measures (DM) in
both radio observations are consistent with a single value, DM
∼ 332.7 pc cm−3(TheCHIME/FRBCollaboration et al. 2020;
Bochenek et al. 2020), which is in agreement with sources
in the Galactic plane. Except for the detection of other low-
luminosity radio events1, the FAST set stringent upper limits
on the radio flux associated with many other X-ray bursts (Lin
et al. 2020).
X-ray Observations.– There are four co-detections of the
hard X-ray burst associated with the FRB-like radio burst (Li
et al. 2020; Ridnaia et al. 2020; Mereghetti et al. 2020; Tavani
et al. 2020).
The total duration of the burst is roughly 0.3–0.5 s. The
X-ray light curves consist of a few narrow peaks with each
sub-burst width . 10 ms (Li et al. 2020; Ridnaia et al. 2020;
Mereghetti et al. 2020), which is coincident with the radio-
burst arrival times (see below). The X-ray spectrum extends
up to 250 keV (Ridnaia et al. 2020; Li et al. 2020) and is
fitted by an exponentially-cutoff power law function with a
typical peak energy p ∼ 50–100 keV. This is unusually hard
compared to other X-ray bursts with comparable (or even
higher) fluence detected in the same (Younes et al. 2020) and
1Most recently, a pair of four-orders-of-magnitude less bright (112 Jy ms
and 22 Jy ms) radio bursts with temporal separation of 1.4 s at 1.32 GHz
has been discovered by a coordinated multi-telescope observation (Kirsten
et al. 2020), albeit without X-ray counterparts.
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Table 1. Properties of the radio and hard X-ray burst associated with Galactic magnetar SGR 1935+2154 on 2020 April 28.
Band Telescope Frequency Arrival Time UT (νref )a Total Duration Total Fluence Ref. Energyb
Radio
CHIME 0.4–0.8 GHz 14:34:28.264 (0.6 GHz) 40 msc 700+700−350 kJy ms [1] 3 × 1034 erg14:34:24.428 (∞)
STARE2 1.28–1.53 GHz 14:34:25.046 (1.53 GHz) 0.61 msd 1.5+0.3−0.3 MJy ms [2] 2.4 × 1035 erg14:34:24.455 (∞)
X/γ
Insight-HXMT 1–250 keV 14:34:24.429(2) (∞)e ∼ 0.5 s 7.1+0.4−0.4 × 10−7 erg cm−2 [3] 6 × 1039 erg
Konus-Wind 20–500 keV 14:34:24.428(1) (∞)e ∼ 0.3 s 9.7+1.1−1.1 × 10−7 erg cm−2 [4] 1.2 × 1040 erg
INTEGRAL 20–200 keV 14:34:24.434 (∞)e ∼ 0.3 s 5.2+0.4−0.4 × 10−7erg cm−2 [5] 5 × 1039 erg
AGILE 18–60 keV 14:34:24.4 (∞) . 0.5 s 5 × 10−7 erg cm−2 [6] 5.6 × 1039 erg
Note—[1] The CHIME/FRB Collaboration et al. (2020) [2] Bochenek et al. (2020) [3] Li et al. (2020) [4] Ridnaia et al. (2020) [5] Mereghetti et al. (2020) [6]
Tavani et al. (2020)
a Geocentric arrival time of the first peak at reference frequency ν = νref with DM = 332.7 pc cm−3 b Assuming a distance of 10 kpc;
c The event consists of two sub-bursts with widths of ∼ 5 ms separated by ∼ 30 ms; d A single spiky burst;
e Bursts have complicated temporal structure with multiple narrow peaks and here the geocentric arrival time of the first peak is shown.
past (Ridnaia et al. 2020; Li et al. 2020;Mereghetti et al. 2020)
bursting episodes. There is evidence for a temporal spectral
hardening associated with two peaks of the burst (Mereghetti
et al. 2020; Li et al. 2020). The isotropic energy in the X-ray
bands is E isoX = (0.5-1.2) × 1040 erg, which is ∼ 105 times
larger than the radio bands.
Burst Arrival Time.– The arrival time delay of a pulse with
an observed frequency of ν with respect to a reference fre-
quency νref is
tDM(ν, νref) = kDM
(
1
ν2
− 1
ν2ref
)
DM, (1)
where kDM ≡ e2/(2pimec) ' 4.15 ms pc−1 cm3 GHz2 is the
dispersion constant. The dispersion delay between CHIME
and STARE2 is tDM(600 MHz, 1.53 GHz) ' 3.25 s, which
is consistent with the observed time delay between the sec-
ond CHIME sub-burst and the STARE2 burst (see Figure 1).
In fact, the spectrum of the second CHIME sub-burst ex-
tends up to higher frequency (∼ 800 MHz), whereas the first
CHIME sub-burst has an apparent spectral cutoff at . 600
Hz (The CHIME/FRB Collaboration et al. 2020). Further-
more, the spiky temporal structure of the second CHIME
sub-burst resembles that of STARE2 burst. These all im-
plies that the STARE2 burst may be of the same origin as the
second CHIME sub-burst.
On the other hand, the dispersion delay between CHIME
and the X-ray satellites is tDM(600 MHz,∞) ∼ 3.84 s. Given
this, the arrival times of first/second CHIME sub-bursts and
the first/second peaks in the X-ray light curves2 are consistent
within error of ∆tCHIME,X ≡ tX − tCHIME . 5 ms. Even if
2After the refined analysis, the Integral light curve shows three narrow peaks
(Mereghetti et al. 2020). The third peak separated from the second one by
∼ 31 ms is not shown in Figure 1.
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Figure 1. Timelines of the radio and X-ray burst from SGR
1935+2154 onMay 28 2020. The arrival time delay due to radio dis-
persion is subtracted assuming DM = 332.7 pc cm−3 and νref = ∞
(see Eq. [1]). Each horizontal black bar represents the duration of
individual burst. Peak information for AGILE is not available due
to the relatively low temporal resolution of ∼ 0.5 s, and not shown
here.
we additionally take into account the finite time-resolution
of X-ray detectors (. 2 ms around burst peaks) and pulse
width of CHIME sub-bursts (∼ 5 ms), most conservatively
we get ∆tCHIME,X ≡ tX − tCHIME . 10 ms. Similarly, we
obtain ∆tSTARE2,X ≡ tX − tSTARE2 . 10 ms for the STARE2
burst and the X-ray second peak. In summary, the intrinsic
time separation between X-ray and radio emission peaks is
estimated to be no longer than |∆tX,radio | ∼ 10 ms.
3. THEORETICAL FRAMEWORK
Whatever the emission mechanism of the the radio burst is,
(i) the event is likely to be triggered by an injection of energy
into the magnetosphere, and (ii) the radio emission may arise
from a relativistic outflow at a sufficiently large distance from
the NS surface in order to prevent a significant scattering and
absorption. The FB eruption is expected to occur at the top of
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the magnetic loop in analogy with solar flares (e.g., Lyutikov
2006; Masada et al. 2010). In this case, the launch of a
relativistic outflow might be accompanied by the formation
of a trapped FB. We first constrain the energy and size of
the trapped FB from the X-ray data, and then calculate the
expansion of the outflow, assuming that the energy and size of
the outflow at launch are comparable to those of the trapped
FB.
3.1. Trapped Fireball
Magnetars are known to exhibit flaring activities over a
wide range of luminosity (L ∼ 1038–1047 erg s−1), most of
which is released as X-rays and soft gamma-rays (e.g., Kaspi
& Beloborodov 2017; Enoto et al. 2019). These bursts are
believed to be generated by a sudden release of magnetic
energy, which may result in the formation of FB consisting of
hot e± plasma and photons. With some exceptions (e.g., the
initial short hard spike of giant flares), the FB is confined near
the stellar surface by the strong magnetic pressure, thereby
forming a trapped FB (Thompson & Duncan 1995, 1996).
The trapped FB remains anchored inside the magnetosphere
and gradually decays by losing its energy through the thermal
radiation from its photosphere and occasionally manifests
itself as a soft extended emission of 1-100 s which shows
high-amplitude pulsations at the spin period of the underlying
NS.
Despite the peculiar light curve and unusually hard spectra
of the X-ray burst (§2), it is possible that there might be an
underlying trapped FB, partially contributing to the thermal
part of the total X-ray flux. Hereafter, we assume that the
thermal component of the X-ray burst spectrum might be
interpreted as radiation from a trapped FB with a single black
body (BB) spectrum of temperature Tobs ∼ 10 keV, which is
consistent with the BB plus power-law spectral fitting result
(∼ 11 keV; Li et al. 2020, see also Figure 3).
In the presence of a very strong magnetic field exceeding
the critical quantum value Bcr ≡ m2ec3/(e~) ' 4.4 × 1013 G,
the magnetic equilibrium pair number density is expressed as
(Thompson & Duncan 1995; Harding & Lai 2006)
nmage,eq (T) ≈
1√
2pi3
λ−3C
B
Bcr
(
T
mec2
)1/2
e−mec
2/T , (2)
where λC = ~/(mec) is the electron Compton wavelength
and the numerical factor (2pi3)−1/2λ−3
C
' 8.1 × 1029 cm−3.
Because of this very high pair number density expected in the
central region of the FB where the temperature can reach the
pair-creation threshold (∼ 0.5 MeV), the trapped FB is very
optically thick throughout. Although the inner structure of
the FB is theoretically uncertain, we assume a quasi-uniform
temperature distribution T(R) ∼ T0 for the inner region at
R ≤ R0.
Meanwhile, the trapped FB should have a thin atmospheric
layer with radial width ∆R in its outermost region due to the
strong dependence of the pair number density on its temper-
ature. Within this layer, the temperature sharply drops from
T = T0 (at R = R0) down to the photospheric temperature
T = Tobs (at R = R0 +∆R), where the optical depth to infinity
reaches unity. If we approximate the temperature gradient
within the layer as |dT/dR| ∼ (T0 − Tobs)/∆R, the thickness
of the atmosphere may be estimated as3
∆R ∼ T0 − Tobs∫ T0
Tobs
nmage,eq (T)σeff(T)dT
, (3)
where σeff(T) = σT
(
T/mec2
)2 (B/Bcr)−2 is the effective
Compton scattering cross section for extraordinary-mode (X-
mode) photons (Meszaros 1992), which may govern the en-
ergy transfer inside the trapped FB (e.g., Lyubarsky 2002).
Assuming Tobs = 10 keV and a uniform magnetic field of
B = Bp = 2.2 × 1014 G, we obtain ∆R/(cm) = O(10−5),
O(10−1), and O(102) for T0/mec2 = 1, 0.2, 0.1, respectively,
which are vanishingly small compared to the expected FB
size R0 & 105 cm and thus negligible.
In the above simple picture, the total energy of the trapped
FB is dominated by the hot spherical component with radius
R0 and temperature T0 as
EX,obs =
4
3
piR30 aT
4
0 , (4)
where a is the radiation constant. Effectively, the photon
diffusion occurs only in the atmospheric layer and photons
start to stream freely from the photosphere with the observed
luminosity
LX = 4piR20 caT
4
obs. (5)
Combining Eqs. (4) and (5), the observed duration of the
X-ray emission from the trapped FB is estimated as
tX,obs ∼ EX,obsLX . (6)
Figure 2 shows the constrains on the trapped FB parame-
ters. If we conservatively take EX,obs = 1039–1040 erg and
tX,obs = 0.1–1 s, the allowed parameter space for the FB ra-
dius and temperature are R0 ∼ 105 cm and T0 ∼ 200–300
keV, respectively. With a BB temperature of 200–300 keV,
a good fraction (70%–87%) of the total energy is carried by
photons with  > mec2, and hence it is sufficient to keep
the trapped FB optically-thick to pair production. Given the
short duration of the emission compared to the spin period
3 For a more detailed treatment of the temperature gradient, see Yang &
Zhang (2015) who calculated the atmospheric structure of the trapped FB
in hydrostatic equilibrium with magnetic pressure.
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Figure 2. The estimated radius versus temperature of trapped FB for
SGR 1935+2154 (colored regions), assuming the observed photon
energy of Tobs = 10 keV. The dotted and dashed lines represent the
contours for the observed energy and duration, respectively.
tX,obs/Pspin . 0.3 as well as the relatively small FB size with
respect to the NS, the FBmay evaporate before being occulted
due to the NS rotation.
As mentioned in §2, the spectrum of April 28 event is much
harder than that of typical bursts from SGR 1935+2154 with
comparable duration and total energy. The resonant cyclotron
scattering may be responsible for the spectral hardening in-
side flaring magnetosphere. The magnetar magnetosphere is
filled with e± plasma both during flares and in the persis-
tent state (Thompson et al. 2002; Beloborodov & Thompson
2007; Beloborodov 2013); one can easily see that the reso-
nant cyclotron optical depth is unavoidably large. Therefore
any outgoing radiation is reprocessed in the cyclotron reso-
nance layer. In this case, a Doppler shift due to scattering
on the bulk motions of the magnetospheric plasma could
lead to formation of hard tails in thermal spectra. During
the flare, a tremendous resonance radiation force keeps the
plasma motion mildly relativistic (Yamasaki et al. 2020). As
a result, under typical conditions for flaring magnetosphere,
the degree of spectral hardening by a single scattering is at
most twice in terms of observed photon energy and the single
scattering model can successfully fit the observed interme-
diate flare (with LX ∼ 1040–1041 erg s−1) spectra from SGR
1900+14 (see, e.g., Figure 5 of Yamasaki et al. 2020). Fig-
ure 3 clearly indicates that the predicted spectrum from the
trapped FB emission reprocessed by a single resonant cy-
clotron scattering cannot explain the hard spectral index of
10 100
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SGR 1935+2154 April 28 flare spectrum
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Observed (best-fit CPL by Ridnaia+2020)
Figure 3. Resonant cyclotron scattering spectra that might be sam-
pled during magnetar flares (Yamasaki et al. 2020, orange solid
line). The seed photon spectrum (the modified blackbody spec-
trum proposed by Lyubarsky 2002) with an trapped FB tempera-
ture of Tobs = 10 keV is also shown by the blue solid line. The
best-fit exponentially-cutoff power law (CPL) function (dN/d ∝
α exp
[−(α + 2)(/p)] with α = −0.72+0.47−0.46 and p = 85+15−10 keV)
to the April 28 event obtained by Konus-Wind (Ridnaia et al. 2020)
is overplotted with the black dashed line. Spectra are normalized at
10 keV in arbitrary units.
April 28 event. Hence, while most spectra of ordinary bursts
from SGR 1935+2154 might be explained by this model, the
formation of the extremely hard spectra of April 28 event by
the same picture seems challenging unless one invokes an
extremely dense magnetosphere that could lead to multiple
resonant scatterings. Since a further exploration of such a
possibility is outside the scope of this work, we just note that
magnetospheric reprocession of the trapped FB emission or
some alternative mechanisms may give rise to the observed
hard X-ray spikes in §4.1.
3.2. Relativistic Outflow
Next we consider the relativistic outflows, which might be
launched at the onset of the trapped FB formation and produce
the radio burst and hard X-ray spikes. The intrinsic energy
budget for launching relativistic outflows should be limited
by the isotropic equivalent energy emitted by the trapped FB
(E isoX = 10
40 erg). Given the small variability timescale for ra-
dio and X-ray bursts (. 10ms), the maximum injected energy
available for the outflowwould be smaller than E isoX . Thus, we
conservatively set the initial outflow energy to Eflare ∼ 1039
erg. In addition to the energy and the initial size, the dynami-
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cal evolution of the outflow depends on both the composition
of the FB and the energy source for acceleration, which are
highly uncertain. Thus, we consider a broad class of the out-
flow models in §3.2.1 and discuss its relevance to generation
of coherent radio emission in §3.2.2.
3.2.1. Outflow Models
We basically consider three outflow models: (i) leptonic
outflow composed of e± pairs and photons, (ii) baryonic out-
flow composed of e± pairs, baryons and photons and (iii)
magneto-leptonic (or simply, magnetic) outflow composed of
cold e± pairs loaded with large Poynting flux. We use the the-
ory of an adiabatic FB (Paczynski 1986; Goodman 1986) to
track the dynamical evolution of these outflows (seeAppendix
A). The evolution of leptonic outflow is uniquely determined
for a given set of initial outflow parameters, such as size,
temperature and bulk Lorentz factor (or energy), whereas
the latter two outflows are characterized by additional model
parameters.
The baryonic outflow is characterized by the baryon loading
parameter η defined as a ratio of radiation flux to matter
energy flux. The magnetic outflow is described by means of
its initial magnetization parameter σ0 defined as a ratio of
Poynting flux to matter energy flux. In order to accelerate
the magnetic outflow efficiently, a strong dissipation may be
important. We adopt a classic model proposed by Drenkhahn
2002 in the context of gamma-ray bursts (GRBs), in which
the toroidal magnetic field with alternating polarity (so-called
striped wind model; Kennel & Coroniti 1984; Lyubarsky &
Kirk 2001) decays into kinetic energy above the light cylinder
[rlc = cPspin/(2pi) ∼ 1010 cm for SGR 1935+2154]. With the
assumption that the outflow is highly dominated by magnetic
energy and that the thermal energy is negligible we derive the
dynamical evolution at r > rlc.
Based on the trapped FB properties estimated in §3.1, we
fix the initial non-magnetic outflow radius and temperature
to be r0 = R0 ∼ 105 cm and T0 ∼ 200 keV respectively, so
that Eflare = 4/3pir30aT40 . The initial density of non-magnetic
outflow is set to the thermal equilibrium value, which only
depends on T0. Meanwhile, the evolution of the magnetic
outflow is calculated from r = rlc. Since we use the cold
approximation, the initial density is determined by equating
the initial kinetic energy to Eflare. The black curves in Figures
4–6 show the dynamical evolution of each outflow. The evo-
lution of leptonic outflow is uniquely determined, whereas for
baryonic and magnetic outflows we show the evolution with
characteristic values of η and σ0.To summarize, the terminal
bulk Lorentz factor that each outflow attains is
Γ∞ ∼

4.4 × 102 r1/40,5 Θˆ0 (Leptonic)
min[η, ηheavy] (Baryonic)
σ
3/2
0 + σ
1/2
0 (Magnetic),
(7)
whereΘ0 = T0/mec2 is the dimensionless initial FB (outflow)
temperature and hereafterwe use a notation Θˆ0 ≡ Θ0/0.4, cor-
responding toT0 = 200 keV.We cover the baryonic outflows in
heavy (η < ηheavy) andmild (ηheavy < η < ηmild) load regimes,
where ηheavy ∼ 60 r1/40,5 Θˆ0 and ηmild ∼ 1.5 × 104 Θˆ0 r0,5 are
the critical values (see Appendix A).
One concern regarding the early evolution of the outflow
is the possible disturbance by the large-scale magnetic field
of the magnetar. Given a dipole magnetic field B ∝ r−3,
the background magnetic pressure at an altitude h above the
NS surface is PB = B2/(8pi) ∼ 4 × 1026 B2p,14 h−66 erg cm−3 ,
whereas the total pressure of the non-magnetic outflow with
initial temperature T0 is Pfb = aT40 ∼ 3 × 1023 Θˆ40 erg cm−3.
Namely, PB & Pfb at an altitude h . hc ∼ 3× 106 B1/3p,14 Θˆ−2/30
cm. While a leptonic outflow is barely affected by the back-
ground magnetic field because it continues to accelerate up
to much larger distance r∞ = Γ∞r0 ∼ 4.4 × 107 r5/40,5 Θˆ0 cm
compared to hc, it may significantly modify the early evo-
lution of baryonic outflows with low acceleration efficiency
r∞ . ηheavyr0 ∼ 6.0 × 106 r5/40,5 Θˆ0 cm, which is almost com-
parable to hc. In this respect, our estimate on Γ∞ could be
slightly overestimated. The situation might be more compli-
cated for coldmagneto-leptonic outflows due to the absence of
the radiation pressure. Nevertheless, such uncertainties must
be sub-dominant relative to the assumption that the flow starts
to evolve at r = rlc with significant acceleration Γ0 = σ1/20 .
Therefore, we neglect the potential modification of inner out-
flow evolution by the background magnetic field hereafter.
3.2.2. Plasma cutoff frequency
It is often assumed that the GHz coherent emission is gen-
erated by coherent charge bunches through, e.g., curvature
or synchrotron maser processes. In the case of curvature
radiation, the emission is often thought to be triggered by
magnetic reconnection in the vicinity of NS (e.g., Katz 2016;
Kumar et al. 2017; Ghisellini & Locatelli 2018; Lu & Ku-
mar 2018; Yang & Zhang 2018; Katz 2020; Lu et al. 2020).
In the case of the synchrotron maser emission, the emission
occurs at relativistic shocks propagating in the pre-existing
media, such as nebula (Lyubarsky 2014; Murase et al. 2016;
Waxman 2017), steady magnetar wind (Beloborodov 2017),
or past flare-driven ejecta (Metzger et al. 2019; Beloborodov
2020; Margalit et al. 2020; Yuan et al. 2020; Yu et al. 2020).
In either case, one of the important constraints for localiz-
ing the radio emission region comes from the plasma cutoff
effect. The waves have cutoff frequencies ωcutoff (measured
in the plasma frame) below which they become evanescent.
In general, the cutoff frequency is conveniently expressed in
terms of the plasma frequency ωp defined in the plasma rest
frame as
ωp ≡ ζ
√
4pin′ee2
me
, (8)
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where n′e is the comoving number density of electrons in
region which is responsible for the generation of waves. We
include all the uncertainties associated radiation mechanisms
and plasma conditions in the fudge factor ζ , representing the
effect of finite plasma temperature. Throughout this work, for
simplicity, we set ζ = 1 and leave the parameter dependence
to keep generality.
In the case of maser emission at far zone, electromag-
netic (EM) waves follow the well-known dispersion relation
in the non-magnetized plasma with a cutoff at ωcutoff = ωp,
but the treatment of the shocked region becomes important
for an appropriate estimate of plasma frequency. As seen
in §3.2.1, we calculate the dynamical evolution of a single
outflow (Γ and n′e) without deceleration, which may differ
from the exact quantitative dynamics of decelerating outflow
shells that produce internal shocks. Nevertheless, we can rea-
sonably assume that the most efficient internal shock with a
large contrast between shell Lorentz factors and comparable
densities is generated at each radius r . We assume that the
upstream (downstream) of the shock is cold (hot), and the
maser emission is produced by the cold upstream plasma at
the shock front. In this case, the apparent plasma frequency
in the observer frame for maser-type scenarios is evaluated
by (Plotnikov & Sironi 2019)
ωmaserp ≈ Γωpmax[1, σ1/2], (9)
where the coefficient of 3 appearing in the original formula is
neglected for simplicity. Here, again, there is an uncertainty
in the treatment of bulk Lorentz factor depending on the shock
models. But, as this is small ∼ O(1), it can be absorbed by
the fudge factor ζ in Eq. (8).
Although the maser scenario is mainly highlighted in this
work, we can also qualitatively discuss the curvature sce-
nario in the framework of relativistic outflows. Since the
true dynamical evolution of the plasma accelerated in the
open magnetic field regions must be complicated, we simply
mimic it by adiabatically expanding non-magnetic outflows.
In the case of curvature process near the NS, the cyclotron fre-
quency of electrons or positrons ωB = eB/(2pimec), where B
is the local magnetic field strength4, is typically much higher
than the wave frequency and/or local plasma frequency. As
already mentioned in §3.1, in this case there are two polar-
ization states of EM waves: the ordinary (O-mode) wave
with electric field parallel to the plane of magnetic and wave
vectors and the extraordinary (X-mode) wave with electric
field orthogonal to the plane of magnetic and wave vectors.
The O-mode wave has the same dispersion relation as in the
non-magnetized plasma with a cutoff at ωcutoff = ωp. On
4Note that when considering the curvature-type radiation the cyclotron fre-
quency is Lorentz invariant (ω′B = ωB) since the particle momentum is
parallel to the local magnetic field line.
the other hand, the X-mode wave has a complicated dis-
persion relation with two cutoffs. The lower cutoff lies at
ωcutoff = (ω2p + ω2B/4)1/2 − ωB/2 ∼ ω2p/ωB when ωp  ωB
(e.g., Chen 1984; Arons & Barnard 1986), indicating that
ωcutoff is much smaller than ωp. Since a significant fraction
of the curvature radiation in the NS magnetosphere is polar-
ized perpendicularly to the magnetic field direction (e.g., Gil
et al. 2004), the condition for the wave propagation may be
much more relaxed compared to the non-magnetized plasma
case (Kumar et al. 2017). We incorporate this effect by intro-
ducing the effective plasma frequency for curvature radiation
ωp,eff = ωp min[(ω′obs/ωB)1/2, 1], (10)
where ω′obs = ωobs/Γ is the wave frequency measured in the
rest frame of radio emitting plasma and ωp is estimated by
assuming a cold plasma. Then, the apparent plasma fre-
quency in the observer frame for the curvature-type scenarios
is evaluated by
ωcurvp = Γωp,eff . (11)
4. CONSTRAINTS ON RELATIVISTIC OUTFLOW AND
EMISSION REGION
Based on the outflow models outlined in §3.2, we aim to
obtain general constraints on the properties of the outflow
that is responsible for the generation of radio and hard X-ray
bursts from SGR 1935+2154.
4.1. Coherent Radio Burst
Radio emission suffers from various constraints when es-
caping from the system without significant attenuation, and
there is a radio compactness problemwhen the radio emission
originates from relativistic outflows. For example, Murase
et al. (2017) investigated whether radio emission can coin-
cide in region with X-ray and gamma-ray emission in light of
FRB 131104 (DeLaunay et al. 2016). Radio waves can prop-
agate only when their frequencies are higher than the plasma
cutoff frequency and they also suffer from the induced Comp-
ton scattering within the outflows and ambient environments
(e.g., Murase et al. 2016). Here we focus on the plasma cutoff
condition for the radio wave propagation:
ωp,obs(rradio) . ωobs, (12)
where ωp,obs = ωmaserp (or ωcurvp ) is the apparent plasma fre-
quency in the observer frame. We set the observed radio
frequency to νobs = ωobs/(2pi) = 1 GHz in mind of CHIME
and STARE2. Depending on the radial evolution of the ob-
served plasma frequency, the above condition sets a limit on
the radio-emitting radius rradio.
Another constraint comes from the intrinsic timing of radio
and X-ray bursts. When there is a bulk motion with a Lorentz
factor of Γ, the comoving size of the region responsible for
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the generation of emission can be larger by a factor of Γ2.
Given the intrinsic time delay ∆tX,radio . 10 ms (see §2), the
radio (or X-ray) photons should be emitted at
rradio (X) . Γ2c∆tX,radio (13)
which gives an upper limit on the radio (or X-ray) emitting ra-
dius. Since the time delay between X-ray and radio emissions
generally depends on the emission mechanisms and initial FB
size, it could be much shorter. Also, when there is little or no
time delay between X-ray and radio emission as predicted by
some models (e.g., Metzger et al. 2019; Margalit et al. 2020;
Yuan et al. 2020), the time delay argument (Eq. [13]) could
be less constraining. In this sense, the above limit is most
conservative.
Given relativistic outflow models (§3.2.1) and maser-type
emission (§3.2.2), the plasma frequency argument (Eq. [12])
sets the lower limit on the radio-emitting radius
rradio & rcutoff (14)
∼

3.7 × 1013 r5/80,5 Θˆ20 ζ ν−1obs,9 cm, (L)
1.1 × 1013 r0,5 Θˆ20 ζ ν−1obs,9 min[
(
η/ηheavy
)−1/2
, 1] cm (B)
2.9 × 1014 r−1/20,5 E1/2flare,39 ζ ν−1obs,9 cm (M),
where rcutoff is the plasma cutoff radius defined by
νp,obs(rcutoff) = νobs. For curvature-type emission, the same
argument limits the allowed regions for radio emission to
much smaller radii (rradio . 1010 cm) since the plasma fre-
quency for X-mode photons is significantly reduced in the
magnetosphere. Next, the time delay argument (Eq. [13])
suggests that the radio emission be emitted at
rradio . Γ2∞c∆tX,radio (15)
∼
(
∆tX,radio
10 ms
)
×

5.8 × 1013 r1/20,5 Θˆ20 cm, (L)
3.0 × 108 min[η2, η2heavy] cm, (B)
3.0 × 108 σ30 cm, (M),
which gives an upper limit on the radio-emitting radius. Here
we set Γ = Γ∞ to make the radial constraints most conserva-
tive.
The allowed region for the radio emission, as well as dy-
namical evolution, are indicated by the vertical green shaded
regions in Figures 4–6. One can see from Figure 4 that the
allowed locale of radio emission from a leptonic outflow is
constrained to within the magnetosphere (rradio . 1010 cm)
for curvature-type scenarios or somewhat narrow regions at
rradio ∼ 1012–1014 cm for maser-type scenarios. On the other
hand, the evolution of bulk Lorentz factor of baryonic and
magnetic outflows strongly depends on the initial degree of
baryon laod (η) and magnetization (σ0). Figures 5 and 6
demonstrate how these parameters affect the conditions of
Eq. (14) and Eq. (15). From the left panels of Figures 5
and 6, it is apparent that heavily baryon-loaded and weakly
magnetised outflows are not compatible with observed time
delay due to the modest acceleration. Meanwhile, although
the maximum acceleration is also limited in the the mild-load
regime (ηheavy < η < ηmild; the left panel of Figure 5), there
is an allowed range for radio emission site because of smaller
plasma frequency. Similarly, the higher initial magnetization
σ0 results in the faster acceleration, which broadens the al-
lowed range of emission region. As a consequence, the initial
properties
η & 6.2 × 103 r5/40,5 Θˆ0 ζ2 ν−2obs,9
(
∆tX,radio
10 ms
)−2
(16)
σ0 & 99 r−1/60,5 E
1/6
flare,39 ζ
1/3 ν−1/3obs,9
(
∆tX,radio
10 ms
)−1/3
(17)
are required for each outflow to keep the consistency with
arguments on the plasma cutoff frequency and the observed
time delays between X-ray and radio emission, i.e., rcutoff .
Γ2∞c∆tX,radio. In Eq. (17), we use an approximation Γ∞ =
σ
3/2
0 + σ
1/2
0 ∼ σ3/20 for simplicity.
The observed duration of the burst emission that each out-
flow predicts can be estimated by
δt ∼ r
cΓ2
. (18)
Considering the observed duration of interest δt = 1–100
ms, we show the allowed emission region in the lower pan-
els of Figures 4–6. By examining whether it overlaps with
the radio-emitting region, one finds that the leptonic outflow,
mildly-loaded baryonic outflow are in principle compatible
with radio observations. Meanwhile, heavily baryon-loaded
and magnetized outflows cannot reproduce sufficiently short
duration of radio bursts due to their weak or delayed acceler-
ation. We note that the duration of curvature-type emission
may be dictated by the propagation delay of Alfvén waves
across the NS ∼ a few ms (Kumar et al. 2017; Lu et al. 2020),
which is much longer than δt. Hence, the above limit is only
applicable to maser-type emission.
4.2. Hard X-ray Bursts from Relativistic Outflow
The existence of non-thermal component in the observedX-
ray spectra implies that the source is optically thin to Thomson
scattering on e± pairs5, which is often the casewith the prompt
emission of GRBs. An inevitable source for such pairs is the
annihilation of photons with rest-frame energy above mec2.
5 Since themaximumobserved photon energy∼ 250 keV (Ridnaia et al. 2020)
of the hard X-ray counterpart to the radio burst on April 28 is well below
mec
2, the opacity to γγ pair production provides less stringent constraints
on the beaming of the outflow.
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Figure 4. Dynamical evolution of electron number density in the
plasma rest frame (upper panel, right-hand-side axis), plasma fre-
quency in the observer frame (upper panel, left-hand-side axis)
and bulk Lorentz factor (lower panel) of the leptonic outflow with
Eflare = 1039 erg (r0 = 105 cm and T0 = 200 keV). The allowed
radii for X-ray and radio emission are indicated by shaded regions
in the upper panel. The region corresponding to the observed burst
duration of 1–100 ms is indicated by vertical lines in the lower panel.
For radio emission Eq. (14) and Eq. (15) are used while for X-ray
emission Eq. (22) and Eq. (25) are used. We assume ∆tX,radio = 10
ms when deriving the time delay constraints and the duration is
evaluated by means of Eq. (18).
The scattering optical depth for created pairs is expressed as
(Nakar 2007; Matsumoto et al. 2019)
τT ≈ σT fthN
′
piθ2Xr
2
X
, (19)
where N ′ is the total number of emitted photons in the rest
frame of the outflow and fth the fraction of photons that cre-
ate pairs. We approximate the energy-averaged cross section
as σT for simplicity. The observer-frame quantities, θX and
rX, are the geometric opening angle (relative to the outflow
direction of motion) within which most of the photons prop-
agate and radial distance of X-ray emission region, respec-
tively. The total number of photons is related to observed
quantities by N ′ ≈ (LisoX δtX/p)/δ2D(θ, Γ), where LisoX , δtX, p
are the isotropic equivalent X-ray luminosity, the variability
timescale (corresponding to the observed peak width of X-ray
burst spikes), and the peak energy of photons in observed νFν
spectra, respectively. Here δD ≡ 1/[Γ(1 − β cos θ)] denotes
the Doppler factor corresponding to a Lorentz factor Γ (and
velocity β) and observer viewing angle θ, which is measured
from the center of the X-ray beam. The angular variation of
the Doppler factor depends on the product Γθ and the size of
X-ray emission region satisfies: θX ∼ max (1/Γ, θ). Gener-
ally, the radial distance of X-ray emission region rX is limited
by the variability timescale δtX. Here we conservatively as-
sume
rX ∼ ΓβδD(θ, Γ)cδtX, (20)
which is true at least inside the beamwith angle 1/Γ regardless
of specific dissipation mechanisms (Piran 1999) and indeed
gives the loosest limit on the pair creation optical depth even
outside the beam (Matsumoto et al. 2019). The relativistic
beaming effect can also significantly change the pair-creation
criteria and we define the energy threshold of photons which
can self-annihilate as th = δD(θ, Γ)mec2 (Lithwick & Sari
2001). Then, the number fraction of annihilating photons in
Eq. (19) is estimated by
fth =
∫ ∞
th
dN
d
d, (21)
where dN/d is the observed photon flux normalized to unity.
The hard X-ray spectrum of FRB 200428 extends up to 250
keVand is fitted by an exponentially-cutoff power law function
dN/d ∝ α exp [−(α + 2)(/p)] with α = −0.72+0.47−0.46 and
p = 85+15−10 keV (Ridnaia et al. 2020). Additionally we take
LisoX ∼ 1041 erg s−1 and δtX ∼ 10 ms for the hard X-ray burst,
so that isotropic energy is consistent with the total outflow
energy Eflare ∼ 1039 erg.
Then, the requirement that τT < 1 leads to the limit on
observer viewing angle θ, Lorentz factor Γ, and the radial
distance rX at which the X-ray emission escapes from the
relativistic outflow. We find that the resulting constraints on
the Lorentz factor and beaming are rather weak: θ . 0.8 and
Γ & 1, which is largely due to themuch lower peak energy and
luminosity with respect to those of GRBs. Nevertheless, one
can set a generic limit on the radius above which non-thermal
emission can be produced as
rX & 2 × 108 Liso 1/2X,41 δt1/2X,−2 cm, (22)
which is independent of outflow models presented in §3.2.
Provided that the hard X-ray burst is synchroton emission,
the large flux of X-rays may ensure that X-ray emitting elec-
trons would be in fast cooling regime regardless of its ori-
gins. For non-magnetic outflows, we assume that a fraction
B of the total internal energy density of the shock is con-
verted into magnetic energy in the frame of shocked fluid
as B′2 ≈ 8piBΓ2U ′, where U ′ = men′ec2 is the internal en-
ergy density of upstream material. For magnetic outflow, we
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Figure 5. Same as Figure 4 but for baryonic outflows in the heavy-load η < ηheavy (left) and mild-load ηheavy < η < ηmild (right) regimes. In
the limit of extremely weak baryon load η → ∞, the dynamical evolution of the outflow asymptotically approaches to that of a pure leptonic
one shown in Figure 4. Note that the upper limit on the radii due to the fast cooling scales as ∝ B (Eq. [25]) and could be much smaller than
shown here (we take an extreme limit B = 1), in which case the radio-emitting region may not overlap with the X-ray-emitting region.
can directly determine the magnetic field behind the shock as
B′2 ≈ 4piσΓ2U ′. The synchrotron cooling Lorentz factor of
outflow material is given by (Sari et al. 1998)
γc =
6pimec
σTB′2Γ t
, (23)
where t ∼ r/(Γ2c) is the dynamical timescale of the flow
in the frame of the observer. The typical Lorentz factor of
electrons at the internal shock may be estimated by assuming
that a fraction e of the total internal energy goes into random
motions of the electrons:
γm ∼ e ξ−1e Γ, (24)
where me/mp ≤ ξe ≤ 1 is the fraction of electrons that
undergo acceleration (Eichler & Waxman 2005). Here we
take ξe = 1, considering the maximum acceleration expected
for an internal shock inside the (magneto-)leptonic outflow.
Meanwhile, for baryonic outflowwe choose ξe = 10−3, which
may hold unless the flow is only weakly loaded with baryons
(η & ηweak ∼ 104). Comparing the dynamical evolution of
γc with γm, one can show that the outflow is in fast-cooling
regime (γm > γc) at
rX . e (25)
×

1.8 × 1011 r20,5 Θˆ20 B ξ−1e cm (L)
1.4 × 1015 r20,5 Θˆ40 B ξ−1e,−3 min[
(
η/ηheavy
)−1
, 1] cm (B)
4.7 × 1014 r−10,5 Eflare,39 ξ−1e cm (M),
where we use an analytic expression for the evolution of mag-
netic outflow (see Appendix A). Hence, this could be consid-
ered as an upper limit on the X-ray emission radius. Clearly,
the leptonic outflow cannot keep a high radiation efficiency
far outside the magnetosphere. In Eq. (25), the possible
uncertainty stemming from the model-dependent treatment
of bulk Lorentz factor used in Eqs. (23) and (24), which is
∼ O(1), is safely neglected.
By combining the available constraints on X-ray and radio
emissionwith the duration constraint (Eq. [18]), one finds that
the leptonic outflow is excluded since it is unable to explain
the X-ray burst duration. Due to the same reason, mildly-
loaded baryonic outflows is also excluded. In contrast to the
non-magnetic cases, high-σ0 flows are marginally consistent
with observations, albeit with somewhat long duration (> 10
ms) for radio emission.
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Figure 6. Same as Figure 4 and 5 but for magneto-leptonic outflows with initial degree of magnetizations σ0 = 10 (left) and σ0 = 103 (right).
The outflow energy is set to Eflare = 1039 erg at r = rlc. The radial evolution of magnetization parameter σ is also shown in the lower panels.
5. SUMMARY AND DISCUSSION
In this work, we constrained the outflow properties asso-
ciated with the unique April 28 event from SGR 1935+2154
consisting of radio and X-ray bursts. The event is likely to be
triggered by sudden eruptions of magnetic energy of ∼ 1039–
1040 erg into the magnetosphere, which would generate FB
plasmas. As a consequence, a relativistic outflow might be
launched at the onset of the trapped FB formation. In this
case, the hard X-ray burst can be explained as a mixture of
thermal and non-thermal emission. We showed that the ther-
mal component of the X-ray burst spectrum is consistent with
a trapped FB with temperature of a few hundred keV and size
of ∼ 105 cm.
On the other hand, non-thermal radiation, including the
non-thermal component of X-ray burst and the coherent radio
burst, may arise from the relativistic outflow at large dis-
tances from NS (rX ∼ 108–1010 cm and rradio & 1011–1012
cm) to avoid absorption/scattering by the outflow itself. We
calculated the dynamical evolution of the outflow so that its
initial conditions are consistent with the inferred properties
of the trapped FB. By assuming that these emissions are both
produced by the energy dissipation at the internal shocks of
the outflow, we show that any outflows should be accelerated
up to bulk Lorentz factor of order ∼ 103 at the outer edge of
magnetosphere.
Furthermore, by examining the intrinsic timing offset be-
tween radio andX-ray burst spikeswith . 10ms, we constrain
the initial degree of baryon load and magnetization, showing
that η & 6×103 and σ0 & 100, respectively. The former con-
straint translates into an upper-limit on the total baryon mass
of mb . 1.8 × 1014 g, which is many orders of magnitude
smaller than that inferred from the afterglow observation of
historical giant flare from SGR 1806–20: mb ∼ 1020–1023 g
(Nakar et al. 2005) or mb & 1024 g (Granot et al. 2006). A
more precise time coincidence between the radio and the X-
ray burst spikes (say ∆tX,radio . 1 ms), if confirmed by a joint
radio-X-ray timing analysis, would place stringent constraints
on the baryon load and initial magnetization of the outflow.
Our results may have important implications for why the
hard X-ray burst and coherent radio burst seen in April 27
event is rarely observed. An interesting possibility is that
magnetar flares launch relativistic outflows with different
properties (e.g., degrees of baryon load and magnetization)
and/or beaming (e.g., Lin et al. 2020). In this case, the ra-
diative efficiency changes from burst to burst. For example,
one can speculate that the April 27 event might have loaded
baryons. Correspondingly, the radial regions for fast-cooling
can be expanded, enabling the hard X-ray emission. The
diversity can be expected if ordinary flare events typically
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launch quasi-leptonic outflows (or even do not launch any
outflow).
Finally, we encourage the search for the counterpart emis-
sions at different wavelengths on different timescales. In the
framework of “burst-in-bubble” model outlined by Murase
et al. (2016), relativistic outflows associated with the April
28 event may eventually collide with the nebula, leading to af-
terglow emission at multi-wavelengths. Future searches will
be important for probing relativistic outflows with properties
constrained by this work.
During finalizing the manuscript, we became aware of Ioka
(2020), in which a formation of an extremely optically-thick
trapped FB (Tobs = 80 keV) near the bottom of open magnetic
field lines is considered. This special trapped FB powers an
outflow that accelerates along the open magnetic field lines,
which would generate the hard X-ray burst through diffusion
of the X-mode FB photons. As discussed in §3.1, such a sce-
nario might be an interesting alternative to the possibility of
generating hard X-ray bursts by multiple resonant scattering
of original emission from an ordinary trapped FB (Tobs ∼ 10
keV).
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APPENDIX
A. RELATIVISTIC OUTFLOWMODELS
A.1. Leptonic Wind
First let us consider an outflow composed of e± pairs plus photons. In order to track the evolution of pure-leptonic FB, we
follow the formulation by Grimsrud & Wasserman (1998) who considered non-equilibrium effects that would modify the early
pair density evolution (see also Appendix of Yamasaki et al. 2019). The conservation of energy, momentum and pair number
density for a steady flow in spherical symmetry leads to a set of simple scaling laws that govern the radial evolution of the
bulk Lorentz factor and temperature (Paczynski 1986; Goodman 1986; Shemi & Piran 1990). The bulk Lorentz factor increases
linearly with r as Γ ≈ Γ0(r/r0) for r < r∞, where r0 is the initial FB size and r∞ the saturation radius above which the acceleration
of plasma stops and FB enters a coasting phase with an asymptotic bulk Lorentz factor Γ∞. Meanwhile the FB temperature cools
as T ′ ≈ T0(r/r0)−1. The dynamical evolution of FB is uniquely determined by initial conditions, i.e., a size r0, temperature T0 and
Lorentz factor Γ0. We relate the initial parameters to the total outflow energy Eflare by
Eflare = Γ0aT40 r
3
0 ∼ 1040 r30,5 Θ40 erg, (A1)
where we adopt reference values as r0 = R0 ∼ 105 cm and Eflare ∼ 1040 erg based on the trapped FB parameters estimated in
§3.1. In the second equality we implicitly assume that the initial FB is at rest (Γ0 = 1). Note that Θ0 ≡ T0/mec2 denotes the
dimensionless initial FB (outflow) temperature, which is set to be unity (rather than Θˆ0 = 0.4 assumed in this work) here for
purposes demonstration.
In addition to the dynamical evolution, we consider the evolution of the pair number density, taking into account the interactions
among pairs and photons (i.e., creation and annihilation). In the stage of expansion the FB plasma evolves with the non-magnetic
equilibrium number density
ne,eq(T) ≈ 1√
2pi3
λ−3C
(
T
mec2
)3/2
e−mec
2/T . (A2)
Compared to Eq. (2), the magnetic term vanishes and the temperature dependence changes. Starting from n′
e,0 = ne,eq(T0), the
radial evolution of electron (positron) number density is summarized below.
The initial FB is at rest in pair equilibrium due to its high temperature with its size r = r0. It immediately expands and cools
down to the electron rest mass energy, and then ne begins to deviate from ne,eq. The pair annihilation dominates the pair process
since the number of pair-creating high-energy photons decreases as the FB cools. Eventually, the FB reaches the photospheric
radius rph ∼ 2.5 × 106 cm r0,5 Θ0 at which the optical depth to electron scattering becomes an order of unity. When the FB
becomes optically thin, photons begin to leak freely out of the photosphere. However, they still continues to supply the radiation
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energy to pairs, which accelerates pairs up to the coasting radius r∞ ∼ 1.1 × 108 cm r5/40,5 Θ0. The photons cease to inject the
radiation energy to pairs, and the FB begins to freely coast at constant speed Γ∞ = r∞/ri ∼ 1.1 × 103 r1/40,5 Θ0. At this stage, the
pair annihilation no longer occurs due to the small number density. As a result, the total number of pairs conserves and the pair
density evolves as ∝ r−2. The number density of the pair at the coasting phase has an analytical form (Yamasaki et al. 2019):
n′e(r) = 5.5 × 1030 r3/40,5 Θ20 r−2 cm−3, (A3)
which is valid for r > r∞. Consequently, the plasma cutoff radius rcutoff at which νmaserp = νobs is
rcutoff ∼ 2.3 × 1013 r5/80,5 Θ20 ζ ν−1obs,9 cm. (A4)
Figure 4 shows the overall evolution of leptonic FB.
A.2. Baryonic Wind
Provided that the FB outflow forms in the vicinity of the NS surface, it is expected that some amount of baryons might be
contaminated, which was most likely the case for SGR 1806–20 giant flare in 2004 (Granot et al. 2006). This might affect the
radial evolution of FB with respect to the pure-leptonic case (e.g., Grimsrud &Wasserman 1998; Nakar et al. 2005). Conservation
of baryon number and energy reads
ÛM = r2ρ′ Γβc = const, (A5)
L = r2(U ′ + P′)Γ2βc = const, (A6)
where ρ′, U ′ and P′ are the rest mass density, the total energy density and the total pressure, respectively. In case of baryonic
wind, ρ′ = Ampn′, where n′ is the comoving baryon number density with mass number A (and atomic number Z) and mp being
the proton mass. The magnitude of bulk Lorentz factor is limited by the total entropy per baryon in the FB as
η ≡ LÛMc2 =
(U ′ + P′)Γ
Ampc2n′
. (A7)
We can see that the adiabatic evolution (Γ ∝ r and T ′ ∝ 1/r) breaks up when the kinetic energy begins to dominate the radiation
energy. This transition takes place whenU ′+P′ ∼ Ampn′c2 with a corresponding radius rM = η (r0/Γ0), above which the Lorentz
factor stays constant (Γ∞ = η). This critical value of η is obtained as
ηheavy ∼ 140
(
Z
A
)1/4
r1/40,5 Γ
3/4
0 Θ0, (A8)
by simply setting rM = rph, where the Thomson optical depth is approximated as τT ≈ Zn′σTr/Γ, taking into account baryon-
associated electrons. An outflow with η & ηc becomes optically thin before reaching coasting radius (i.e., rM < rph), the coasting
Lorentz factor becomes ηc at r > rM = ηcr0. Therefore, the bulk Lorentz factor evloves as
Γ(r) = Γ0

r/r0 (r < rM = r0 min[η, ηheavy])
min[η, ηheavy] (r > rM = r0 min[η, ηheavy]).
(A9)
We consider here the case of relatively high-load FB with η . 104, for which the number density of positrons becomes negligible
compared to that of both electrons and baryons (i.e., n′e ∼ Zn′ assuming the charge neutrality). In this case, pair annihilation does
not occur anymore and the electron number density conserves:
∂r
(
r2n′eΓβ
)
= 0, (A10)
where LHS represents the net pair creation rate. Therefore, setting (U ′ + P′)|r=r0 ∼ aT40 in Eq. (A7), the radial evolution of the
electron number density may be estimated as
n′e(r) ≈
aT40 Γ0
mpc2
(
Z
A
)
×

η−1 (r/r0)−3 (r < rM = r0 min[η, ηheavy])
η−1 min[η, ηheavy]−1 (r/r0)−2 (r > rM = r0 min[η, ηheavy]).
(A11)
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The above evolution is true up to the second critical point with η = ηmild ∼ 3.8 × 104 (Z/A)Θ0 r0,5, when n′e ∼ Zn′ at r = rph.
The plasma cutoff radius rcutoff at which νmaserp = νobs is
rcutoff ∼

7.1 × 1013 r0,5 Θ20 ζ ν−1obs,9 cm, (η < ηheavy)
7.1 × 1013 r0,5 Θ20 ζ ν−1obs,9 (η/ηheavy)−1/2 cm, (ηheavy < η < ηmild).
(A12)
where we assume Γ0 = 1 and Z/A ∼ 1.
Although not covered in this work, for completeness, we briefly describe the weak load case. The weakly-loaded baryonic
outflow evolution (η > ηmild) can be characterized by the additional critical value of η = ηweak ∼ 3.8 × 104 Θ0 r0,5, when
men′e ∼ mpn′ at r = rph (hence ηweak/ηmild ∼ mp/me). At ηmild < η, the effective electron mass can be approximated as
m˜e ≈ (A/2Z)me min{ηweak/η, 1} (Nakar et al. 2005). By replacing me with m˜e in the coasting radius of leptonic outflow
Γ∞ ∝ m−1/4e , the coasting Lorentz factor Γ∞ is found to reduce at most by a factor of (Amp/2Zme)1/4 ∼ 6 (A/Z)1/4 compared to
the pure leptonic case. The inequalty between e± number density does not significantly change the characteristic radii (e.g., rph)
that determine the evolution of a quasi-leptonic outflow throughout η > ηheavy (Grimsrud & Wasserman 1998).
A.3. Magneto-Leptonic Wind
If the central engine carries a strong magnetic field, it may significantly contribute to the energy of the relativistic outflow. In
this case, one can define the initial magnetization parameter
σ0 =
B′20
4piρ′0c2
(A13)
where B′0 is the initial magnetic field and ρ
′
0 is the initial rest mass density, which determines the magnitude of bulk Lorentz factor
corresponding to a total conversion of the Poynting flux into the bulk motion kinetic energy. We consider a cold magneto-leptonic
FB (P′ = 0, U ′ = ρ′c2 = n′emec2), corresponding to a relativistic limit (Γ  1), with high initial magnetization σ0  1. The
total energy and mass flux are linked by
L = (1 + σ)Γ ÛMc2, (A14)
where (1 + σ)Γ is a conserved quantity. In Poynting-flux dominated flows, dissipation of magnetic energy can take place via a
reconnection process. For non-ideal MHD, the dynamical evolution of outflow in relativistic limit is given by (Drenkhahn 2002;
Drenkhahn & Spruit 2002)
∂rΓ =
2
cτdis
(
σ
3/2
0 + σ
1/2
0 − Γ
)
, (A15)
where τdis is the timescale for dissipation of toroidal magnetic fields. We assume that the complete field decays into kinetic
energy. The timescale for acceleration is solely determined by specific reconnection processes. Here we consider an outflow with
stripes of a toroidal magnetic field of alternating polarity (e.g., Kennel & Coroniti 1984; Lyubarsky & Kirk 2001). In this case,
the dissipation occurs in the outflow outside the light cylinder with lab-frame timescale
τdis =
Pspin

Γ2√
1 − Γ/σ3/20
, (A16)
where Pspin = 3.24 s is the spin rate of SGR 935+2154 and  is defined as a fraction of advection velocity of magnetic field
lines toward reconnection center with respect to Alfvén velocity. Drenkhahn (2002) showed that the Poynting-flux dominated
relativistic flow accelerates as Γ ∝ r1/3 up to the coasting value of Γ∞ = σ3/20 +σ1/20 (∂rΓ = 0 in Eq. [A15]), which is independent
of the reconnection rate  . The largest uncertainty lies in the reconnection rate parameter  and we take  = 0.1 as a fiducial value
(Drenkhahn 2002). Simulation studies of reconnecting current sheets suggest a smaller value  = 0.01 (e.g., Uzdensky et al.
2010), which may increase the injection radius by about ten times. Nevertheless, due to the relatively slow acceleration Γ ∝ r1/3,
this barely affects our final conclusions.
In the absence of dissipation, the bulk Lorentz factor of a magnetised outflow grows as Γ ≈ r/rlc due to the balance between
the electromagnetic and centrifugal forces up to the fast magnetosonic surface, beyond which there is little acceleration (Beskin
et al. 1998; Contopoulos & Kazanas 2002; Komissarov et al. 2009). We set the initial flow velocity to the Alfvén four-velocity
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uA ≡ B′0/(4piρ′0c2)1/2 = σ1/20 (which equals to the fast magnetosonic speed in the cold limit considered here) at initial radius
r = rlc ∼ 1010 cm. Since the dissipation only sets in at rinj ∼ rlc/ = 10−1−1 rlc, we can safely neglect the dynamical evolution
before passing the fast magnetosonic point (Drenkhahn 2002), unless an extremely high magnetization (σ0  1000) is considered.
The initial pair number density is determined at r = rlc by the following condition:
Eflare ∼ (1 + σ0)Γ204piρ′0c2r0 r2lc, (A17)
where Γ0 = (1 + σ0)1/2. For a cold magnetised outflow, the pair annihilation is negligible and thus the evolution of pair number
density is estimated by Eq. (A10). For initial magnetizations of σ0 = 10–1000, we numerically evaluate the dynamical evolution
with Eq. (A15) and obtain rcutoff ∼ 1013–1014 cm. For analytic estimate, we use
Γ ∼

Γ0 (rlc < r < rinj)
Γ0(r/rinj)1/3 (rinj < r < rsat)
Γ∞ (rsat < r),
(A18)
where rsat ∼ rinjΓ2∞ (Drenkhahn 2002) is the saturation radius where the acceleration ends. We confirm that this gives a very good
approximation of Lorentz factor during the acceleration phase for σ0  1. Assuming that the flow is in the acceleration phase,
we obtain the cutoff radius for maser-type emission as
rcutoff ∼ 2.9 × 1014 r−1/20,5 E1/2flare,39 ζ ν−1obs,9 cm, (A19)
which is remarkably independent of σ0 and  .
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